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i1 ≤ i2 ≤ · · · ≤ iN

it = ft(i1, . . . , iN )

Erosion

Dilation

Median filtering

it = i1

it = iN

it = iN/2
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• For each point, place a search grid (e.g., 5x5) of 
discrete positions around it and pick the location 
where the energy function is minimal

• Keep applying this and circling around the curve

• Stop when a predefined number of points have not 
changed in the last iteration, 
or after max number of iterations

• Remarks:
– Individual decisions are not 

globally optimal
– Convergence not guaranteed
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• Smoothing choice is critical, 
not to over-smooth the boundary

• Not robust to topological differences changes,
e.g., “what is a gap to fill in?”, un/connected components
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image gradients 
large only near 
the boundary
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Shape model: Implicit energy via fitness to a statistical model 

(remember PCA)

[Cootes et al., Handbook of Biomedical Imaging, 2015]

While updating the curve, project on model space 
to find closest shape model 

Appearance model: Make a local intensity model of edge at point vi
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Reading for those interested:  Chan & Vese, Active Contours Without Edges, 2001
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Ω = {w1, w2, . . . , wK}

{v⃗j}Mj=1 v⃗ = {v1, v2, . . . , vn} ∈ Rn
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{v⃗j}Mj=1 v⃗ = {v1, v2, . . . , vn} ∈ Rn


�����������������������
mi ∈ Rn, i = 1, . . . ,K
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cj = argi min ∥v⃗j − mi∥2
������������ �������������������������������������

mi =
M∑

j

δi=cj v⃗j

/ M∑

j

δi=cj
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δi=cj =

{
0, i ̸= cj
1, i = cj
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p(v⃗, wi)
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P (wi) =

∫
p(v⃗, wi)dv⃗

p(v⃗) =
s∑

i=1

p(v⃗, wi)P ≡ p
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p(v⃗|wi) =
p(v⃗, wi)

p(wi)

P (wi|v⃗) =
p(v⃗, wi)

p(v⃗)
=

p(v⃗|wi)P (wi)

p(v⃗)
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Ω = {bone, nervous tissue, muscle, air}

P (v⃗ = 250)

P (v⃗ = 250|bone)

P (bone)

P (bone|v⃗ = 250)
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p(v⃗|wi) p(wi)
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v⃗ : grey level intensity

p(v⃗|wbg) = N (250, 10)

p(v⃗|wfg) = N (150, 50)

p(wfg) = p(wbg) = 0.5
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p(wbg|v⃗) p(wfg|v⃗)

argi max(p(wi|v⃗))
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P (wi|v⃗) =
p(v⃗, wi)

p(v⃗)
=

p(v⃗|wi)P (wi)

p(v⃗)
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p(wbg|v⃗) p(wfg|v⃗)

p(v⃗|wfg) = N (150, 50)

p(v⃗|wbg) = N (200, 50)
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P (wi|v⃗) =
p(v⃗, wi)

p(v⃗)
=

p(v⃗|wi)P (wi)

p(v⃗)

p(v⃗|wi)p(wi)

p(v⃗|wbg) = N (0.3, 0.4) p(v⃗|wfg) = N (0.7, 0.2)

p(wbg) = 0.9, p(wfg) = 0.1

������������!��	� ���"������������������������� argi max p(v⃗|wi)

p(v⃗|wi)
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{v⃗j}Mj=1 {wi}Ki=1

f(v⃗j) = cj
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f(v⃗j) ∼ p(cj |v⃗j) f(v⃗j) ∼ argcj max p(cj |v⃗j)
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cj =
1

1 + exp (− β0 − βT v⃗)
, βT v⃗ =

d∑

i=1

βivi

v1

v2

v3

v4

cj = σ
(
βT
2 σ

(
βT
1 σ(β

T
0 v⃗)

))
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1 + exp (− β0 − βT v⃗)
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f(v⃗j) = cj

{v⃗j}Mj=1
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d(v⃗, v⃗n)

f(v⃗) = c

f(v⃗) = f(c1, . . . , cK)
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v⃗

fn(v⃗) =

{
0 → go left
1 → go right

fl(v⃗) = c
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= v⃗ = {v1, . . . , vd}

fn(v⃗) =

{
0 → go left
1 → go right fl(v⃗) = c
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Feature extraction

R
egression

Spatial regularization

Computer
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� Voxel-based:
� Thresholding:  Otsu (automatic threshold determination)
� Individual voxel decisions often need post-processing with 

morphological operators
� Edge-based:

� Hough transform:  Parametric models to vote for shapes in lower 
dimensional space

� Elastically deformable shapes:  Iteratively update a contour to fit 
borders

� Connected components: 
� Region based:

� Region growing:  Starts from seeds, grow homogeneous regions 
(splitting/merging/…)

� Watershed:  Simulate flooding, e.g., gradient magnitude as natural 
borders/ridges

� Pattern Recognition based
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c = {cj}Mj=1, cj ∈ {w1, . . . , wK}���������
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p(cj = wi, v⃗j) = p(v⃗j |wi)P (wi)

= p(v⃗j |cj)P (cj)

������	������������
����������
����
��
��	
�
�	
��

p(c, v⃗) =
M∏

j=1

p(v⃗j |cj)P (cj)

p(c, v⃗) =
M∏

j=1

p(v⃗j |cj)P (c)
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p(c, v⃗) =
M∏

j=1

p(v⃗j |cj)P (c)
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P (cj |c/j) = P (cj |cGj )

Gj = neighbors of j
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P (cj |c/j) = P (cj |cGj )

P (c) =
1

Z
exp(− E(c))

E(c) =
M∑

j=1

∑

k∈Gj

d(cj , ck)
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d(cj , ck) : distance between cj and ck
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argc maxP (c|v⃗) = argc max p(v⃗|c)P (c)

= argc max
M∏

j=1

p(v⃗j |cj) exp(− E(c))
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p(v⃗j |cj) ∝exp(− f(v⃗j , θcj ))

d(cj , ck) = λδ(cj ̸= ck) =

{
0, cj = ck
λ, cj ̸= ck
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argc min
M∑

j=1

(v⃗j − µcj )
TΣ−1

cj (v⃗j − µcj ) + λ
M∑

j=1

∑

k∈Gj

δ(cj ̸= ck)

argc max p(c|v⃗) = argc max p(v⃗|c)P (c)

8 �$06�#(%%("3*2�2-�"-+.32$�2'$�.-12$0(-0�#(120(!32(-,

8 �(%%("3*2�2-�1-*4$�2'$�-.2(+(7 2(-,�$5 "2*6�(,�
�� ,#�'(&'$0

8 ���' 0#���-6)-4���$)1*$0� ,#�� !('�
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8 �..0-5(+ 2$�$,$0&6�+(,(+(7 2(-,
�(!!1�1 +.*(,&���$+ ,����$+ ,�	���
�2$0 2$#�"-,#(2(-, *�+-#$1���������$00 0(�$2� *��	����
4( ��0 .'��321���-6)-4���$)1*$0���� !('�
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����������� λ = 0

λ = 5

λ

λ = 20
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