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Figure 1: Ablating a polyp in the hysteroscopy simulator.

ABSTRACT

A centraltraining objective of virtual reality basedsurgical simu-
lation is theremoval of pathologictissue.This necessitatesstable,
real-timeupdatesof theunderlyingmeshrepresentation.Within the
frameworkof ahysteroscopy simulator, wehavedevelopedahybrid
cuttingapproachfor tetrahedralmeshes.It combinesthe topolog-
ical updateby subdivision with adjustmentsof the existing topol-
ogy. Moreover, themechanicalandthevisualmodelaredecoupled,
thusallowing differentresolutionsfor the underlyingmeshrepre-
sentations.With our method,we cancloselyapproximateanarbi-
trary, user-de�ned cut surfacewhile avoiding thecreationof small
or badly shapedelements,thus strongly reducingstability prob-
lems in the subsequentdeformationcomputation. The presented
approachhasbeenintegratedinto a virtual reality training system
for hysteroscopicinterventions.Theperformanceof thealgorithm
is demonstratedby examplesof intra-uterinetumorablations.

Keywords: tetrahedralmeshes,cutting,surgicalsimulation,mass-
springmodels

1 I NTRODUCTI ON

Surgical simulationhasbecomea popularapplicationin the �eld
of virtual reality basedtraining [11]. One of the essentialparts
of sucha systemis the cutting of soft, deformabletissue. Since
tetrahedralmeshesarea popularrepresentationfor volumetricob-
jects,methodsto imposetopologicalchangeson suchmeshesare
required.Cutting a tetrahedralmeshis a non-trivial problem,due
to several con�icting requirements.On the onehand,the cutting
processshouldnotcreatebadlyshapedelements,whichcouldcause
numericalinstabilitiesduringdeformationcalculation.Ontheother
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hand,theuserde�nedcuttrajectoryshouldbecloselyapproximated
for realisticappearance.So far, mostmethodshave concentrated
only on oneof theseproblems. We take a differentapproachby
combiningthesemethodsto develop a stableandrealisticcutting
system. We introducea hybrid approachfor cutting tetrahedral
meshes,which approximatesanincisionaswell aspossible,while
avoiding the creationof small or degeneratetetrahedralelements.
Moreover, we decouplethe mechanicalsimulationandvisualiza-
tion domains,whichallowsmodellingof �ne surfacedetailwithout
increasingthecomputationalburdenon thephysicalsimulation.

The paperis organizedasfollows: in section3, we brie�y re-
view previouswork relatedto cuttingtetrahedralmeshesin virtual
surgery. Thereafter, section4 presentsourhybrid cuttingapproach.
Section5 dealswith the visual representationand its coupling to
thedeformationmodel. Experimentalresultsarediscussedin sec-
tion 6, andwe concludeandprovide an outlook to future work in
section7.

2 M EDI CAL APPL I CATI ON AREA

Wehavedevelopedournew cuttingapproachin thecontext of hys-
teroscopy simulation. In hysteroscopy, a surgeonusesa curved
loop electrodeasa cutting tool to ablatepathologicaltissueinside
the uterus(Figure1). The loop electrodeis positionedbehindthe
pathologyand then advancedtowardsthe camerafrom the back,
cuttingoff tissueparts.Dueto this, theactualcuttingprocesscan-
notbeseenby thesurgeon.For thisreason,non-progressivecutting,
wherea tetrahedralelementis decomposedonly onceit hasbeen
completelytraversed,is a reasonableapproximationfor our appli-
cationarea,andso we de�ne thecut only oncethe loop electrode
hastraversedthepathology. Moreover, thereis little, if atall, resis-
tanceto thecut tool movementthroughthetissue.Therefore,in the
currentstage,we do not modelany interactionof the cutting tool
with the deformableobjectduring a cut. The deformableobjects
in our simulationare representedby tetrahedralmeshesandsim-
ulatedby a mass-springmodel, including distance-,volume-and
surface-preservingforces[19].



3 REL ATED WORK

Previous approachescan be classi�ed into three different cate-
gories.The �rst andsimplestmethodsdeletetetrahedrawhich are
touchedby thecuttingtool, asfor instancedescribedin [7, 4]. No
new elementsarecreated,however, thisapproachviolatesthephys-
ical principle of massconservation. Furthermore,it requiresvery
high resolutionmeshesfor acceptablevisualquality.

Thesecondclassof methodsrestrictsincisionsto bealignedwith
existing faces.This hastheadvantageof only small increasein el-
ementcount,evenaftermultiple cuts.However, theapproximation
quality of the cut pathaswell asthe smallestpossiblesizeof ex-
cisedmaterialpiecesdependshighly on theinitial resolutionof the
mesh.[15] and[18] applytheconceptof nodesnapping,whereex-
isting nodesaremoved to the cut surfaceto approximatethe tool
trajectory. However, this requiresanupdateof meshparametersof
the undeformedmechanicalmodel, which can be dif�cult if dis-
placementsarelarge.

In the third classof methods,elementsareactuallysubdivided
into smallerones. Sincea mesh-basedphysical simulationneeds
a consistentmeshat all times,a cut tetrahedronmustbe decom-
posedinto smallerelementssuchthat a new consistentcon�gu-
ration results. To achieve this, many small tetrahedrahave to be
created,which dramaticallyincreaseselementcountandthusmay
slow down the simulationsubstantially. Even worse,very small
or badly shapedtetrahedra(i.e. slivers) may be created,causing
simulationinstabilities,unlessvery small time stepsareused. In
[10] theproblemof badly-shapedtetrahedrais handledby remov-
ing suchelementson-the-�y. However, not all elementscanbere-
movedwithout largerchangesto themesh.Moreover, theapproach
againviolatestheprincipleof massconservation.

Thereis a large numberof waysa tetrahedroncanbe cut, de-
pendingonthenumberof edgeintersections,andeachmustbehan-
dledseparately. For eachcase,pre-de�neddecompositionschemes
areusuallyusedto subdivide tetrahedra[8, 9, 3]. In addition,great
caremustbetakento ensurethatnew adjacency informationis al-
wayscorrect.

Most existing cutting approachesareeithernon-progressive or
semi-progressive meaningthat a tetrahedroncanonly be cut once
the cutting tool hascompletelymoved throughthe element. De-
pendingonmeshresolution,thiscancauseanoticeablelagbetween
theactualcuttingandthemovementof thetool, makingit dif�cult
to controlthecut. In [1] aprogressiveapproachhasbeenpresented,
wherethedecompositionof a tetrahedronis changeddependingon
themovementof thecutting tool insideanelement.However, the
approachis highly non-trivial to implementandalsoposessome
stabilityproblemsdueto badly-shapedelements.Progressivemesh
cuttinghasalsobeendescribedin [13], but dueto badly-shapedel-
ementssmalltimestepsarerequired,whichpreventsthesimulation
from runningin real-time.

Finally, work hasbeenpublishedwheresimulationandvisual-
ization domainsaredecoupled. [12] presenteda virtual nodeal-
gorithm, wherenodesand elementsare copiedsuchthat no new
smallerelementsare created. Elementsare only decomposedin
the visualizationdomain. A tetrahedroncannotbe cut morethan
threetimes,however, andtheresolutionof thesurfacedependson
the resolutionof the underlyingtetrahedralmesh. [14] simulates
elasticityandplasticityaswell asfractureona low resolutiontetra-
hedralmesh,while usingan embeddedtrianglemeshto visualize
theobjectsurface.However, thenew visualizationsurfacescreated
afteranobjectis fractureddependon theresolutionof thetetrahe-
dral mesh. Other relatedwork focusingon fracturemodelling is
reportedin [17]. They usea relatedapproachto performof�ine
computationsof fracturepropagationin tetrahedralFEM meshes.

4 CUTTI NG TETRAHEDRAL M ESHES

4.1 Overview

We introducea new hybrid approachto cuttingtetrahedralmeshes.
A given cut trajectory- in the following calledsweep-surface- is
approximatedascloselyaspossible,while loweringtheincreasein
elementcountandavoiding thecreationof smallandbadly-shaped
tetrahedralelements.Whencuttinga deformabletetrahedralmesh,
wecarryout thefollowing steps:

1. De�ne sweep-surfaceaccordingto tool movement.

2. Determineedgesintersectedby thesweep-surface.

3. To avoid small or badly shapedelements,identify the nodes
closeto the sweepsurface. Along thesenodesthe meshcan
beseparated.

4. Separateexisting tetrahedraor decomposetheminto smaller
sub-elements.

5. Moveselectednodesontothesweep-surfacefor bettercutap-
proximation(node-snapping).

6. Improvemeshqualitywith local relaxation.

7. Updatedeformationparametersfor stablesimulation.

4.2 De�nition of the Sweep-Surface

Beforea cut canbeperformed,thesweep-surfacemustbede�ned.
It canbeany surfacethatdoesnotself-intersectandcanbetriangu-
lated.Moreover, it canintersectthemodeltotally or only partially.

In our implementation,thecuttingtool is de�ned asa curve ap-
proximatedby n line segments,ascanbe seenin Figure2. The
systemconstantlychecksfor collisionsof thecuttingtool with the
deformablemodel.If thishasbeenthecase,thestartingcurveof the
sweep-surfaceis de�ned. Thereafter, thetool movementis tracked
until it fully leaves the deformableobject. At this point, the end

start curve

end curve

(a) Sweep-surface de�ned by start
and end curve representingcutting
tool.

end curve

start curve

(b) A partialcut.

Figure 2: De�nition of the sweep-surface: (a) The cutting tool is
de�ned as a curve de�ned by n line segments. Once the tool collides
with the model, the start curve of the sweep-surfaceis de�ned. When
the tool leavesthe object, the end curve is de�ned. Connecting cor-
responding samplepoints of both curves linearly interpolates the cut
trajectory and de�nes the sweep-surface,which can be triangulated
easily. (b) In a partial cut the sweep-surfacedoes not intersect the
model totally.



curve of the sweep-surfaceis de�ned. The cut trajectoryis then
linearly interpolatedby connectingcorrespondingsamplepointson
thestartandendcurves.Now, thesurfacecaneasilybetriangulated
by 2n triangles.

4.3 SelectingCut-Nodesand Cut-Edges

Oncethesweep-surfacehasbeende�ned,it is possibleto determine
thosetetrahedrawhich aresimply separatedfrom eachotherand
thosethat areactuallydecomposedinto smallersub-elements.If
anedgeis cut closeto a node,thecut is constrainedto go through
that node,thusavoiding the generationof small tetrahedraandan
increasein elementcount.If anedgeis incisedcloseto themiddle,
chancesarelower thatsmallsub-elementsarecreated.Thus,such
anedgeis acandidatefor subdivision. For thediscussionbelow, we
introducethefollowing terms:

cut-node: anodethatis suf�ciently closeto thesweep-surfaceand
to whichacutis constrainedto. Noneof its incidentedgescan
becut.

cut-edge: an edgewhich is intersectedby the sweep-surfaceand
for whichnoneof its endnodesarecut-nodes.

d

(a) For all edgeswhich are intersectedby the sweep-surface,the end
nodecloserto theintersectionpoint is selected.If thisnodelieswithin a
thresholdd, it is markedasacut-node.All intersectededgeswhichhave
nocutendnodesaremarkedascut-edges.

d
d

(b) All cut-nodesareduplicatedandall cut-edgesaresplit. Thesweep-
surfaceis closelyapproximatedwithoutcreatingill-shapedelements.

Figure 3: Selecting cut nodes in 2-D.

To �nd the setsof cut-nodes(Nc) andcut-edges(Ec), we have
implementeda similar approachto [15]. We startout with Ec con-
tainingall edgese, which intersectthesweep-surface.For all edges
in Ec, theendnoden which lies closestto the intersectionpoint is
selected.As shown in Figure3, if thenode'sdistanceto thesweep-
surfaceis smallerthana thresholdd, thenodeis addedto Nc, and
all intersectededgesincidentto n areremovedfrom Ec. Thereafter,
all cut-nodesin Nc areduplicated,while all cut-edgesin Ec aresplit
into two new edges,therebyalsocreatingtwo new collocatedend
nodesat positionpint . The referencepositionof thesenew nodes

in the undeformedstate,p0
int , is obtainedby linearly interpolating

thereferencepositionsp0
0 andp0

1 of thepreviousendnodesof the
cut-edge,usingtheintersectionparametert in thedeformedcon�g-
uration.

t = jj (pint � p0)jj=jj (p1 � p0)jj
p0

int = p0
0 + t(p0

1 � p0
0) (1)

In rare casesan edgemay be cut twice, becausethe sweep-
surfacecanbe curved. If this happens,both cutsaresimply dis-
cardedandcorrespondingtetrahedraaredecomposedaccordingto
thecutsthroughits otheredgesasdescribedbelow.

4.4 Hybrid Tetrahedron Decomposition

Now thatthesetsof cut-nodesandcut-edgeshavebeendetermined,
wehaveall thepre-requisitesto actuallyrealizethecutby splitting
anddecomposingtetrahedra.

We have extendedthe methodsreportedin [3, 8], which re-
strictedpossiblecut statesto intersectionswith oneto four edges
of atetrahedron.Thisresultedin � vedistinct,rotationally-invariant
decompositionschemes(A-E) asdepictedin Figure4. We intro-
ducethreenew schemes,wherea tetrahedronhaseitheronecut-
nodeand two cut-edges(schemeX), two cut-nodesandonecut-
edge(Y), or only threecut-nodes(Z). In theseschemes,thecut is
forcedto gothroughnodes,avoidingthecreationof smallor badly-
shapedtetrahedraandloweringtheincreasein elementcount.

The decompositionschemes(A-E) can be characterizedby a
simplebinarysix-digit cut-edge-code,whereeachdigit standsfor a
speci�c edgebeingcut or not. Meanwhile,schemesX andY addi-
tionally needa binaryfour-digit cut-node-codeto determinewhich
of its nodesarecut. Werestricttheschemeswith cut-nodesto com-
pletecutsonly, we do not cut nodesfor tetrahedrawhich areonly
partially cut by thesweep-surface.Therefore,a nodewhich could
bemarkedasacut-nodeisalwaystreatedasanormal,non-cutnode,
if oneof its incident tetrahedrais only partially cut. After com-
puting the cut-edge-codeandcut-node-codefor eachtetrahedron,
themeshcanbeseparatedalongthesweep-surface.All tetrahedra
which have oneor two cut-nodesandat leastonecut-edgearede-
composedaccordingto schemesX andY. If a tetrahedronhasonly
cut-nodesbut no cut- edges,asin schemeZ, it is simply detached
from its neighbors.All tetrahedracontainingonly cut-edgesbut no
cut-nodesaredecomposedaccordingto schemesA-E.

Furthermore,we apply a new symmetric face triangulation
schemesuchthat the sub-elementshave a bettershape. In Fig-
ure 5(a), the face triangulationschemesuggestedin [3] can be
seen,while Figure 5(b) shows our approach. Experimentshave
shown that with our techniquewe can use larger time stepsbe-
causeelementsarelesslikely to bebadly-shapedandelementsizes
are more equally distributed. The (asymmetric)decomposition
schemesfrom [8] aremoreoptimal in termsof elementcount,but
for eachscheme,several sub-casesmust be implementedso that
facessharedby two tetrahedraaretriangulatedconsistently.

The reference(and similarly the deformed)position of a new
facenodeis computedby takingtheaverageof thereferenceposi-
tionsof thefour cornernodesof thefaceprism.

4.5 NodeSnapping

Along cut-nodes,themeshis notalignedwith thecuttrajectory. Al-
thoughcut-nodesarealwayscloseto thesweep-surfaceandthere-
fore the meshusuallydoesnot look too jagged,it canstill be de-
sirable to have the meshperfectly aligned to the sweep-surface.
Therefore,a cut-noden is relocatedby projectingit orthogonally
onto thegivensweep-surface,yielding a new positionpnew. Since
this is donein the deformedcon�guration, the new referencepo-
sition p0

new of thenoden mustbecomputedaswell. This is done
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Figure 4: There are �ve rotationally-invariant schemesto decompose a tetrahedron (A-E) which has at least one of its edgescut. Additionally,
three new schemesare added, where one, two or three existing nodes are separated (X-Z). This helps avoiding small tetrahedra created when
using decomposition schemesA-E for cuts close to a node.

(a) Symmetrictriangulationof a
tetrahedralfaceaccordingto [3].

(b) Our face triangulation ap-
proach,wheresub-elementsare
better shapedand have more
equalsizes.

Figure 5: Enhancedsymmetric triangulation of a tetrahedron face.

similar to [16]. Barycentriccoordinatesof pnew with respectto a
tetrahedronT incidentto n arecomputedin thedeformedcon�gu-
ration. Using thesecoordinatesandthe referencepositionsof the
nodesof T, p0

new is computed.
Becauseall cut-nodesarewithin a small thresholddistanced to

thesweep-surface,theirdisplacementis smallcomparedto thesize
of tetrahedralelements. Therefore,updatingmeshparametersis
easierandmorestablethanwith previousmethods[15, 18]. How-
ever, snappingnodesto thesweep-surfacecancreatebadly-shaped
or evendegeneratetetrahedra.In [10], thesetetrahedraareremoved
in anextra step.In our implementation,we do not snapnodesthat
leadto degeneratetetrahedra.

4.6 MeshRelaxation

Even with our hybrid cutting approachandimproved decomposi-
tion schemes,it is possiblethat elementswith very differentsizes
may be created,decreasingthe stability of the simulation. There-
fore, to further improve meshquality aftera cut, we performa se-
quenceof meshrelaxationsteps,similarto the2Dmethoddescribed
in [18]. First, we de�ne a setScontainingall nodesn in the2- or

3-step-neighborhoodof a cut. To preserve theshapeof themodel,
only interior nodescanmove in all directions.Nodeson thesweep
surfacecan move within the surface,while thoseon the original
surfaceor surfacesresultingfrom anearliercutare�x ed.All edges
incidentto a movablenodefrom S arenow consideredassprings
whoserest lengthsequal the averagelength of theseedges. All
nodesareconsideredasmasspointsandhaveequalmasses.To en-
forcemoreevenspacingbetweennodes,weapplya forceresulting
from theLennard-Jonespotentialenergy function.

Themovementof a nodeni is governedby the following equa-
tion of motion:

mi ẍi + ci �xi = (wspringå
j

Fspring
i j + wparticleå

j
FLJ

i j ) (2)

whereFspring
i j and FLJ

i j are the spring and Lennard-Jonesforces,
respectively, betweennode ni and its neighborn j . wspring and
wparticle representweightingconstants.

Explicit integrationis appliedto solve theabove equation.Due
to high damping, overall computationtime is only slightly in-
creased,and oscillationsare avoided. We perform several mesh
relaxationstepsto obtain a suf�ciently good meshquality. New
restpositionsfor relaxed nodesarecomputedin the sameway as
for nodesnapping(section4.5).

It must be noted that due to the constraintof �xing surface
nodesof the tetrahedralmesh,meshrelaxationcannot improve
meshquality greatly. The presentedhybrid tetrahedraldecompo-
sition schemesplay a muchmore importantrole in the improved
stability of thesimulation.However, if a largernumberof internal
tetrahedrawould becut, theeffect of the relaxationstepwould be
moreprominent.

4.7 Adaptation of Massesand ReferenceValues

After a cut hasbeenperformed,nodeshave beensnappedandthe
meshrelaxationhas improved the quality of new tetrahedra,we
must updatethe rest quantitiesof edgesand tetrahedracorrectly
to keeptheunderlyingdeformationsimulationstable.

To computerestedgelengthsandresttetrahedronvolumes,we
simply usethe referencepositionsof correspondingnodes,which



have beencomputedduring the cutting process(section4.3), in
nodesnappingandmeshrelaxation.Themassesof thesimulation
nodeswhichhaveat leastoneincidenttetrahedronthatwasaffected
by thecutmustalsobeupdated.This is becauseafteracut,smaller
tetrahedraappearandvolumesandedgelengthsmayhavechanged.
Themassof asimulationnodeni is proportionalto therestvolumes
V0 of incidenttetrahedraj, whichhaveadensityk:

mi = kå
j

V0
j

4
(3)

This guaranteesmassconservation,sincethetotal volumeis not
changedby a cut. Stiffnessconstantski

s and ki
v for spring and

volume-preservationforcesareadaptedto [19]:

ki
s = k(m1+ m2)

(l0
i )2

ki
v = k(m1+ m2+ m3+ m4)

(v0
i )2

(4)

5 CUTTI NG THE V I SUAL I ZATI ON SURFACE

In mostpreviouscuttingapproaches,thesimulationandvisualiza-
tion domainswere strongly coupled. In order to representintri-
catesurfacedetails,high-resolutiontetrahedralmeshesareneeded,
which substantiallyslows down a simulation.In approacheswhere
cutscanbeperformedonly alongexistingedgesandfaces,thesize
of the smallestportionsof material that can be cut off depends
highly on the resolutionof themesh.To alleviate theseproblems,
wehavedecoupledthesimulationandvisualizationdomainsinto a
low-resolutiontetrahedralmeshfor physicalsimulationandanem-
beddedhigh-resolution(closed)trianglemeshfor surfacerender-
ing. The embeddedsurfaceis animatedtogetherwith the tetrahe-
dral mesh.We build on theapproachof [14]. For eachsurfacever-
tex, theclosesttetrahedronis foundandbarycentriccoordinatesof
thevertex with respectto the linkedtetrahedronarecomputedand
stored. Whenthe tetrahedralmeshdeforms,the positionof each
vertex is interpolatedusing the linked tetrahedronand the stored
barycentriccoordinates.

5.1 Incision into the SurfaceMesh

Cutting the two-dimensionalsurfacemeshis similar to the three-
dimensionalcase.First, the sweep-surfacemustbe de�ned (refer
to section4.2). Then,eachtrianglecanbedecomposedaccording
to two rotationallyinvariantschemes(two edgescut for acomplete
cut, oneedgecut for a partial cut). We do not cut verticesin the
surfacemesh,sincewe do not careaboutbadly-shapedtrianglesin
thevisualizationsurface.

As in the 3D-case,the referenceposition of new verticescre-
atedwhenan edgeis cut is interpolatedfrom the referenceposi-
tions of the endverticesof the edgeandthe intersectionparame-
ter t. Texture coordinatesfor the new verticesarecomputedsim-
ilarly. Using this referenceposition,a linked tetrahedronis found
andbarycentriccoordinatesarecomputed.For old surfacevertices
whoselinkedtetrahedronhasbeendecomposedor now lies on the
othersideof thesweep-surface,a totally new tetrahedronmustbe
determined.For old surfaceverticeswhoselinkedtetrahedronhad
only oneor morenodessnapped,but wasnotdecomposed,only the
barycentriccoordinatesmustberecomputed.In all cases,we must
makesurethatboththetetrahedronandthesurfacevertex lie onthe
samesideof thesweep-surface.

5.2 GeneratingNewSurfaces

After theoriginal surfacemeshhasbeenseparated,two additional
interior cut surfaceshave to becreated.Generatingthesenew sur-
facesconsistsof two steps:�rst, we must�nd theboundaryof the

(a) The cut boundaryis de-
termined. It lies on the
sweep-surfaceandis mapped
to a planar 2D surface ac-
cording to its parameteriza-
tion.

(b) Thenew surfaceis triangulatedin 2-
D, usingthe mappedcut boundary. Fi-
nally, the new surface is mappedback
into 3-D.

Figure 6: Triangulation of the new surfaces.

new surface,the cut-boundary. Then,usingthe cut-boundaryand
thegivensweepsurface,it is triangulated.Notethatthis triangula-
tion is totally independentof thevolumetricmesh,contraryto [14],
wherethenew surfaceis alignedto the(coarse)tetrahedralmesh.

To �nd thecut-boundary, we startat a new surfacevertex (i.e. a
vertex createdwhenanedgeis cut)andtraversealongtheboundary,
whichis de�nedby edgeswhichhaveexactlyoneadjacenttriangle,
until the start vertex is visited again. It must be notedthat this
approachworksonly unconditionallyif theoriginalmeshis closed.
Also, if themodelis concave, theremaybemorethanoneclosed
cut-boundarycurve. In caseof a partial cut asshown in Figure7,
we must �rst determinethe two facevertices,which are de�ned
asthe two intersectionpointsof the sweep-surfaceboundarywith
thesurfacemesh.We assumethat thereareexactly two suchface
vertices,which is the casefor partial cutsthroughconvex, closed
surfaces.Thefaceverticescanbefounddirectlyduringthetriangle
decompositionstep. If we visit a facevertex during the boundary
traversal,we must move on directly to the other facevertex and
thencontinueon from there.

Since the sweep-surface doesnot have to be planar, the cut-
boundaryneednot lie in a plane,andthusthecut-boundaryalone
doesnot give suf�cient informationon how to triangulatethenew
surface. Obviously, this surfaceshouldlie on the sweep-surface.
For generalsweep-surfaces,the new surfacescanbe triangulated
usingconstrained2.5-DDelaunaytriangulationtechniques[6] with
thegivencut-boundaryandsweep-surface.In our implementation,
we make useof the fact that the cut-boundarylies completelyon
thesweep-surfaceandthatthesweep-surfacecanbeparameterized
in 2-D. Therefore,the cut-boundaryis mappedinto 2-D, whereit
canbe triangulatedmoreeasilyandef�ciently , ascanbe seenin
Figure6. Thenew verticescreatedin thetriangulationprocessare
then�nally mappedbackinto 3-D usingthesweep-surfaceandthe
vertices'parameters.

For a realisticvisualization,the new surfacesmustalsobe tex-
tured. Becausethe triangulation processwas conductedin 2-
D, the new vertices' 2D-coordinatescan be useddirectly as tex-
ture coordinates.As long as the distortionsarising from the 2D-
parameterizationof the sweep-surfaceare small, this simple ap-
proachhasshown to produceadequateresults.

Sincewenow againhaveone(closed)surfacemesh,performing
anothercut throughboth a new andan old surfacemeshsimulta-
neouslyis straightforwardandworksexactly thesameway asde-
scribedabove.



6 RESULTS

Weareableto performcutsin real-timeonmodelswith 1000tetra-
hedraand2000surfacemeshtriangleson a 3GHzPentiumIV ma-
chine. We canhandlecompleteaswell aspartial cutsin both the
volumetricandtheembeddedsurfacemesh(Figure7).

(a) Polypmodel.

original traditional hybrid hybrid
mesh subdivision (standard (enhanced

triangul.) triangul.)
tets 136 543 282 266
edges 265 813 497 477
nodes 69 201 123 115
tetminAR 0.017 10� 6 0.015 0.017
Vmax/Vmin 25.07 6674.1 259.3 92.87
lmax/lmin 4.11 35.84 23.92 11.96
hmax 0.005 6� 10� 5 5:7� 10� 4 0.001

(b) Myomamodel.

original traditional hybrid hybrid
mesh subdivision (standard (enhanced

triangul.) triangul.)
tets 277 1772 615 599
edges 421 2254 994 973
nodes 85 492 224 200
tetminAR 0.025 10� 7 0.014 0.016
Vmax/Vmin 11.67 3:6� 107 94.84 52.38
lmax/lmin 2.03 540.01 9.743 7.70
hmax 0.004 6� 10� 6 0:0009 0.0012

Table 1: Comparison between our hybrid cutting approach and a
standard subdivision approach as described in [3] where no existing
nodes are separated. The element count for hybrid cutting is 2-3
times smaller, while meshquality is kept acceptable. Using our newly
proposed triangulation of tetrahedral faces (section 4.4) results in
evenbetter meshquality, compared to other symmetric triangulation
approaches.

We compareour hybrid methodto existing approachesin Fig-
ure 9. First, a tetrahedralmeshis cut alongexisting faces,result-
ing only in a coarseapproximationof the sweep-surface(Figure
9(a)). In comparison,decomposingall cut tetrahedramatchesthe
sweep-surfaceexactly, but badly-shapedelementsarecreatedand
the elementcounthasdrasticallyincreased(Figure9(b)). In Fig-
ure 9(c), the samemeshis cut usingour hybrid approachwithout
node-snapping.The sweep-surfaceis morecloselyapproximated,
while nobadly-shapedelementshavebeencreatedandtheelement
counthasincreasedonly slightly. Finally, whennodesnappingis
appliedtogetherwith ourhybrid approachasshown in Figure9(d),
thesweep-surfaceis approximatedevenbetter, without further in-
creasingtheelementcount.

In Table1, ourhybrid approachandthepuresubdivisionmethod
accordingto [3] are compared. Elementcount as well as sev-
eral meshquality measuresare considered. For our hybrid cut-
ting, elementcountis 2-3 timessmaller. Theratiosbetweenlargest
andsmallesttetrahedronvolumeandthe largestandsmallestedge
lengtharestill satisfactorily smallaftera cut. Also, the lowestas-
pectratio of all tetrahedra(tetminAR; incircle radiusdividedby cir-
cumcircleradius;0.33/0.00beingthe highest/lowestpossibleval-
ues)doesnot becometoo small. For puresubdivision, aspectand
volumeratioscanbecomearbitrarily bad. All threemeasuresare
crucial for a stabledeformationsimulation. In addition,it canbe
seenfrom the larger aspectand smallervolume ratios that mesh
qualityis improvedwhenusingournewly proposedtetrahedralface

Figure 7: Several incisions have been made into a polyp.

triangulation(section4.4),allowing usto useasimulationtimestep
which is almosttwice aslargeasfor thestandardapproach.In our
measurements,themaximumdistanced of cut-nodesto thesweep-
surfaceis one-�fth of the averageedgelengthof the mesh. The
modelswe have usedarethepolyp shown in Figure9 andthemy-
omadepictedin Figure10.

Decouplingthesimulationandvisualizationdomainsallows us
to simulate highly detailed surfacesin real-time, using a low-
resolutionvolumetricmesh. Creatinga new surfaceafter a cut is
totally independentof the tetrahedralmesh,enablingus to create
arbitrarilydetailedsurfacesandsharpbut non-jaggededges.In Fig-
ure8, wehavecutanarti�cial deformablesolidseveraltimes.Note
theintricatesurfacedetailsuchassharpedgesandvery thin object
parts,andthesmallportionsof materialwe have cut off. Because
our approachdoesnot createsmall or badly-shapedtetrahedra,it
is easyto performseveral (possiblyintersecting)cutsin the same
regionof themodel.

6.1 Integration into Surgery Simulator Envir onment

Our methodshave beenintegratedinto our hysteroscopy simula-
tor. In this system,the methodshave beencombinedwith physi-
calsoft-tissuesimulation,collisionhandlingof deformablemodels,
�uid simulationto simulatebleeding,aswell ashapticinteraction
to build anextremelyrealisticenvironmentfor virtual realitybased
trainingof surgical interventions.

Figure10showsanexampleof asurgicalprocedure.In theupper
imagepanel,thereal-world situationcanbeseen.Thesurgeonuses
thecuttingtool tomoveanddeformthemyoma.Shethenmovesthe
loopelectrodebehindthemyoma,turnsontheelectricalcurrentand
pulls the electrodetowardsthe front, therebycutting off a portion
of tissue.Theprocessis repeateduntil everythinghasbeenablated.
In thebottomimagepanel,thesamecuttingprocessis shown in the
virtual environment.

7 CONCL USI ONS AND FUTURE WORK

Wehavepresentedanew real-timeapproachfor cuttingtetrahedral
meshes.It combinesexisting techniquesof decomposingtetrahe-
dra into smallerelementsandcuttingentirelyalongexisting edges
andfaces.We areableto approximatea givensweepsurfacemore
closelywhile avoiding the creationof degeneratetetrahedra,thus
keepingthe physical simulationstable.Meshrelaxationimproves



(a) Thesolid wascut into several piecesby a curvedknife. Note thesharp
andthin edgesandthesmallportionswehavecarvedout.

(b) Theunderlyingtetrahedralmesh.Thesmallpiecesarerepresentedby a
larger, better-shapedtetrahedra.

Figure 8: Several scoops have been taken from an arti�cial de-
formable solid.

the quality of a cut meshadditionally. Decouplingthe simulation
andvisualizationdomainsallowstherepresentationof intricatesur-
facedetailwithout placingan additionalcomputationalburdenon
thephysicalsimulation.

Nevertheless,somesimpli�cations were made,which we will
addressin the future. The cutting is not progressive, andthereis
no force feedbackduring the cutting. Moreover, we only model
theresultof a cut after it hasbeenperformed.Finally, our tetrahe-
draldecompositionschemesarenotoptimalwith respectto element
count.
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(a) A tetrahedralmeshis cut along
existingedges,nodesandfaces.

(b) The meshis cut by decompos-
ing eachtetrahedronintersectedby
thesweep-surface.

(c) The mesh is cut using our
hybrid approach without node-
snapping.

(d) After cutting the mesh with
the hybrid approach,nodesaread-
ditionally snappedto the sweep-
surface.

Figure 9: Comparison of our hybrid cutting approach with existing methods of cutting only along existing elements and splitting intersected
tetrahedra.

(a) Cuttingin a realoperation.

(b) Cuttingin thehysteroscopy simulator.

Figure 10: Comparison between cutting in a real operation (a) and cutting in the simulator environment (b). The surgeonusesthe cutting tool
to move and deform the myoma. She then moves the loop electrode behind the myoma, turns on the electrical current and pulls the electrode
towards the front, hereby cutting o� a portion of tissue. The processis repeated until everything has been ablated.


